Rules for integrands of the form (a + bSec[e + fx])" (c + dSec[e + fx])"

1. j(a+b5ec[e+fx])m (c+dsec[e+fx])"dx whenbc+ad=0 A a’-b>=0

1: J(a+bSec[e+fX])"‘ (c+dSec[e+fx])"d1x whenbc+ad==0 A a2-b2==0 AmeZ*Anez"-

Derivation: Algebraic expansion
Rule:lif bc+ad==0 A a?2-b2=0 AmeZ"Anez,then

d
J\(a+b5ec[e+fx])m (c+dsec[e+fx])"dx —>c"j(1+ —Sec[e + fx| nExpandTr‘ig[(a+bSec[e+1‘:x])m, x] dx
c

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"m_.#(c_+d_.xcsc[e_.+f_.#x_])~n_,x_Symbol] :=
c*n+Int[ExpandTrig[ (1+d/cxcsc[e+fxx])~n, (a+bxcsc[e+fxx])m,x],x] /;
FreeQ[{a,b,c,d,e,f,n},x] & EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && IGtQ[m,0] && ILtQ[n,0] && LtQ[m+n,2]

2: J(a+bSec[e+fx])'" (c+dSec[e+-Fx])"dlx whenbc+ad==0 A a®-b?2==0 AmeZ A neR

Derivation: Algebraic simplification
Basis:If bc+ad==0 A a?-b? ==0,then (a+bSec[z]) (c+dSec[z]) == —acTan[z]?
Rule:lf bc+ad=0 A a?2-b?>==0 AmeZ A necR,then

J(a+b5ec[e+fx])"' (c+dsec[e+fx])"dx — (-ac)" Tan[e+-Fx]2'" (c+dsec[e+fx])"™"dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_]) m_.(c_+d_.xcsc[e_.+f_.xx_])~n_.,x_Symbol] :=
(-a%c) "mxInt[Cot[e+Ffxx]" (2xm) » (c+d*Csc[e+fxx])~ (n-m),x] /;
FreeQ[{a,b,c,d,e,f,n},x] & EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && IntegerQ[m] && RationalQ[n] && Not[IntegerQ[n] & GtQ[m-n,@]]



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

3: J(a+bSec[e+fx])'" (c+dSec[e+fx])'"d1x whenbc+ad==0 A a2-b%2==0 A m+§ez

Derivation: Algebraic expansion and piecewise constant extraction

Basis:f bc+ad==0 A a?-b2=0 Am+Leczthen (a+bSec[z])" (c+dSec[z])"= (-ac)™: Tan[z]2™?
2 \Ja+bSec[z] +/c+dSec[z]

Basis:If bc +ad =0 A a?-b? == 0, then &4 Tan.e-f x| -0
~Ja+bSec[e+fx] /c+dSec[e+fx]

Rule:lfbc+ad::9Aaz—bZ::O/\er%eZ,then

(-a c)'"";Tan[e + fx]

J-(a+b5ec[e+fx])m (c+dsece+fx])"dx — JTan[e+fx]2mdx

\/a+bSec[e+-Fx] \/c+dSec[e+-Fx]

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"m_x(c_+d_.xcsc[e_.+f_.xx_])"m_,x_Symbol] :=
(—axc)~ (m+1/2) xCot [e+-F*x]/(Sqr't [a+bxCsc[e+fxx] ] #Sqrt[c+d«Csc[e+fxx]]) »Int[Cot [e+fxx]~ (24m),x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && IntegerQ[m+1/2]



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

4, J\/a+b5ec[e+fx] (c+dSec[e+fx])"d1x whenbc+ad=0 A a2-b%2==0

1: J\/a+b$ec[e+fx] (c+dSec[e+fx])"d1x whenbc+ad=0 A a2-b%2==0 A n>%

Rule:lfbc+ad::@/\az—bzzze/\n>%,then

Jva+b5ec[e+fx] (c+dSec[e+-Fx])"d1x —

2acTan[e+-Fx] (c+dSec[e+1:x])"'1

+ch/a+bSec[e+fx] (c+dSec[e+-Fx])"'1d1x

f(2n-1) \/a+bSec[e+fx]

Program code:

Int[sqrt[a_+b_.xcsc[e_.+f_.#x_]]»(c_+d_.xcsc[e_.+f_.»x_])"n_.,x_Symbol] :=
2xaxcxCot [e+fxx]+ (c+dxCsc[e+fxx])~(n-1) /(fx (2xn-1) xSqrt[a+bsCsc[e+fxx]]) +
cxInt[Sqrt[a+bxCsc[e+fxx] ]« (c+dxCsc[e+fxx])~(n-1),x] /;

FreeQ[{a,b,c,d,e,f},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && GtQ[n,1/2]



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

2: J\/a+b5ec[e+fx] (c+dSec[e+-Fx])"d1x whenbc+ad=0 A a2-b%2=20 A n<—§

Rule:lfbc+ad::0Aaz—bzzzeAn<—%,then

J\\/a+b5ec[e+fx] (c+dSec[e+-Fx])"d1x —

2aTan[e+ fx] (c+dSec[e+fx])" 1
il

J\/a+b$ec[e+fx] (c+dSec[e+-Fx])"+1d1x

f(2n+1)\/a+b5ec[e+fx] ¢

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.xx_]]*(c_+d_.xcsc[e_.+f_.#x_])"n_,x_Symbol] :=
-2xaxCot [e+'F*x] * (c+d*Csc [e+f*x] ) "n/(f* (2xn+1) *Sqrt [a+b*Csc [e+f*x] ] ) +
1/c*Int[Sqrt[a+bxCsc[e+fxx] ] (c+dxCsc[e+fxx])~(n+1),x] /;

FreeQ[{a,b,c,d,e,f},x] & EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && LtQ[n,-1/2]



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

5. J(a+bSec[e+1:x])3/2 (c+dSec[e+-Fx])"dlx whenbc+ad=0 A a2-b%==0

1: J‘(a+b5ec[e+-Fx])3’/2 (c+dSec[e+fx])"dlx whenbc+ad=0 A a2-b%2==0 A n<—%

Rule:lfbc+ad::@Aaz—bZ::O/\n<—%,then

J\(a+b5ec[e+fx])3/2 (c+dSec[e+fx])"d1x —

4a2Tan[e+-Fx] (c+dSec[e+-Fx])" a
L2

j\/a+b5ec[e+fx] (c+dSec[e+fx])"+1d1x

f(2n+1)\/a+bSec[e+fx] ¢

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])~(3/2)»(c_+d_.xcsc[e_.+f_.»x_])"n_.,x_Symbol] :=
-4xa~2xCot [e+fxx]« (c+dxCsc[e+Ffxx] ) n/(fx (24n+1) +Sqrt[a+bsCsc[e+fxx]]) +
a/c+Int[Sqrt[a+bxCsc[e+fxx] ]+ (c+dxCsc[e+fxx])~(n+1),x] /;

FreeQ[{a,b,c,d,e,f},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && LtQ[n,-1/2]



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

2: J(a+bSec[e+-Fx])3/2 (c+dSec[e+-Fx])"d1x whenbc+ad=0 A a2-b%2==0 A n$—§

Rule:lfbc+ad::@Aa2—b2::@Anﬁ—%,then

\Jx(a+b5ec[e+-l=x])3/2 (c+dsec[e+fx])"dx —

2a’Tan[e + x| (c+dSec[e+'Fx])n

+aJ\/a+bSec[e+fx] (c+dSec[e+-Fx])"d1x

f(2n+1) \/a+bSec[e+-Fx]

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"(3/2) % (c_+d_.xcsc[e_.+f_.#x_])"n_.,x_Symbol] :=
-2xa*2xCot [e+f*x] * (c+d*Csc [e+f*x] ) "n/(f* (2xn+1) *Sqrt [a+b*Csc [e+f*x] ] ) +
axInt[Sqrt[a+bxCsc[e+fsx]] (c+dxCsc[e+fsx])"n,x] /;

FreeQ[{a,b,c,d,e,f,n},x] & EqQ[bxc+axd,0] & EqQ[a"2-b"2,0] && Not[LeQ[n,-1/2]]



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

6: J(a+bSec[e+1:x])5/2 (c+dSec[e+-Fx])"d1x whenbc+ad=0 A a2-b%?==0 A n<—%

Rule:lif bc+ad==0 A a2-b2=20 A n<—%,then

\Jx(a+b5ec[e+fx])5/2 (c+dsec[e+fx])"dx —

8a’Tan[e + f x| (c+dSec[e+1=x])n

2
+:—2J.\/a+b5ec[e+fx] (c+dSec[e+-Fx])"+2¢ilx

f(2n+1)\/a+bSec[e+fx]

Program code:
Int[(a_+b_.xcsc[e_.+f_.xx_])~(5/2) % (c_+d_.xcsc[e_.+f_.#x_])"n_.,x_Symbol] :=
-8xa”3xCot [e+f*x] * (c+d*Csc [e+f*x] ) "n/(f* (2xn+1) *Sqrt [a+b*Csc [e+f*x] ] ) +

a*2/c”2xInt [Sql"t [a+b*CSC [e+'F*x] ] * (C+d*CSC [e+-F*x] )" (n+2) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && EqQ[bxc+axd,0] & EqQ[a"2-b"2,0] && LtQ[n,-1/2]

7: J(a+bSec[e+fx])'"(c+dSec[e+fx])"dlx whenbc+ad=0 A az—b2==0Am—%eZ Am+n=90

Derivation: Piecewise constant extraction and integration by substitution

Basis:If bc +ad =0 A a2 - b? == 9, then 5y Tan[e+f x] =9
~Ja+bSec[e+fx] ~/c+dSec[e+fx]
Basis:If bc+ad =0 A aZ-b? == 0, then - ac Tan[e+f x] Tan[e+f x] _
’ ~Ja+bSec[e+fx] ~/c+dSec[e+fx] +~/a+bSec[e+fx] /c+dSec[e+fXx]
. F 1
Basis: Tan[e + fx] F[Sec[e + fx]] == —%Subst{—{xxi, x, Cos[e +fx]} OxCos[e + f x]

Rule:lfbc+ad::@Aa2—b2::0Am—%eZ A m+n = 0,then

acTan[e+fx]

J(a+b$ec[e+fx])m (c+dsec[e+fx])"dx — -

JTan[ewa] (a+bSec[e+fx])™F (c+dSece+Fx])"Fdx
\/a+bSec[e+fx] \/c+dSec[e+-Fx]



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

- dx, X, Cos[e+-Fx]]

m+n

acTan[e+-Fx] SbtJ(b+ax)m_;(d+cx)n_;
ubs

-F\/a+bSec[e+-Fx] \/c+dSec[e+-Fx] x

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"m_x(c_+d_.xcsc[e_.+f_.xx_])"n_,x_Symbol] :=
-axcxCot [e+fxx]/(FxSqrt[a+bsCsc[e+fsx]]+Sqrt[c+dsCsc[e+fxx]])
Subst [Int[ (b+axx) " (m-1/2) = (d+c*x) " (n-1/2) /x" (m+n) ,x],X,Sin[e+fxx]] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && IntegerQ[m-1/2] & EqQ[m+n,0]



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

8: J(a+bSec[e+fx])'" (c+dSec[e+fx])"d1x whenbc+ad=0 A a2-b%2=20

Derivation: Piecewise constant extraction and integration by substitution

Basis:If bc +ad ==0 A a2 - b? == 9,then oy Tan[e+f x] .-
~Ja+bSec[e+fx] ~/c+dSec[e+fx]

Basis:If bc +ad==0 A a?-b? =0,then - acTan[e+f x] Tan[e+f x] -
’ ~Ja+bSec[e+fx] ~/c+dSec[e+fx] +~/a+bSec[e+fx] /c+dSec[e+fx]

Basis: Tan[e + £ x] F[Sec[e+fx]] = T Subst|FXL, x, Sec[e +fx] ] oxSec[e + fx]

Rule:lf bc +ad =0 A a%-b? == 9, then

acTan[e+-Fx]

JTan[en‘x] (a+bSec[e+fx])m'; (c+dSec[e+fx])"';dlx

J(a+b$ec[e+fx])"' (c+dsec[e+fx])"dx — -

\/a+bSec[e+-Fx] \/c+dSec[e+-Fx]

1 1
T f b m-z d n-z
o ac an[e + x] Subst[J(a +bx)"7 (c+dx) "z ax, x, Sec[e . fx]]

-F'\/a+bSec[e+-Fx] \/c+dSec[e+fx] x

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_.#(c_+d_.xcsc[e_.+f_.*x_])"n_.,x_Symbol] :=
axcxCot[e+fxx]/(f+Sqrt[a+bsCsc[e+fxx]]+Sqrt[c+d«Csc[e+fxx]])+Subst[Int[ (a+bxx)" (m-1/2) » (c+d#Xx)”(n-1/2) /x,X],X,Csc[e+fxx]] /;
FreeQ[{a,b,c,d,e,f,m,n},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0]



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

2. j(a+b5ec[e+fx])'" (c+dSec[e+-Fx]) dx whenbc-ad#0
1. J(a+b$ec[e+fx])"' (c+dSec[e+fx]) dx whenbc-ad#0 A m>0
1. J(a+b5ec[e+fx]) (c+dSec[e+fx])dx whenbc-ad#0

1: J-(a+bSec[e+fx]) (c+dSec[e+-Fx]) dx whenbc+ad=0

Derivation: Algebraic expansion
Basis:If bc +ad ==0,then (a+bz) (c+dz) =ac+bdz?

Rule:If bc + ad == 9, then

j(a+b5ec[e+fx]) (c+dSec[e+fx]) dx — acx+de.Sec[e+-Fx]2d1x

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])(c_+d_.xcsc[e_.+f_.#x_]),x_Symbol] :=
axcxx + bxdxInt[Csc[e+fxx]*2,x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[bxc+axd,0]

10



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

2: J-(a+b5ec[e+fx]) (c+dSec[e+-Fx])d1x whenbc-ad#0 A bc+ad#0

Derivation: Algebraic expansion
Basis: (c+dz) (a+bz) =ac+ (bc+ad)z+bdz?

Rule:if bc-ad+0 A bc+ad#+0,then

a+bSec|e+fx c+dSec|e+fx|)dx — acx+ (bc+ad sec[e+fx] dx+bd |Sec[e+fx]*dx
[(avbseclesex]) (crasecfesex]) (bc+ad) [seclesfx]ax+bd [seclefx]

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])*(c_+d_.xcsc[e_.+f_.#x_]),x_Symbol] :=
axCxX + (bxc+axd)xInt [Csc[e+f*x],x] + b*d*Int[Csc[e+f*x]"2,X] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] &% NeQ[bxc+axd,0]

11



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

2. J\/a+b5ec[e+fx] (c+dSec[e+-Fx]) dx whenbc-ad#0

1: J\/a+b5ec[e+fx] (c+dsec[e+fx])dx whenbc-ad#0 A a>-b*==0

Derivation: Algebraic expansion

Rule:if bc —ad 0 A a?-b? == 0, then

J\/a+bSec[e+fX] (c+dSec[e+-Fx])dlx — ch/a+bSec[e+-Fx] dlx+de/a+bSec[e+-Fx] Sec[e+-Fx] dx

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.#x_]]*(c_+d_.xcsc[e_.+f_.»x_]),x_Symbol] :=
cxInt[Sqrt[a+bxCsc[e+fxx]|],x] + d+Int[Sqrt[a+bxCsc[e+fxx]]«Csc[e+fxx],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0]

12



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

2: J\/a+b5ec[e+fx] (c+d5ec[e+fx]) dx whenbc-ad#0 A a2-b%#0

Derivation: Algebraic expansion

Basis: Va+bz (c+dz) .. —ac  z(bcsadsbdz)
Va+bz Va+bz

Rule:lf bc-ad +0 A a?-b? #0,then

J\\/a+b5ec[e+fx] (c+dSec[e+-Fx] dlx — acJ
'\/a+b5ec[e+-Fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.xx_]]*(c_+d_.xcsc[e_.+f_.xx_]),x_Symbol] :=
axcxInt[1/Sqrt[a+bsCsc[e+fxx]],x] +
Int[Csc[e+fsx] (bxc+axd+bxdsCsc[e+fxx])/Sqrt[a+bsCsc[e+f+x]],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0]

dX+J

Sec[e+fx]| (bc+ad+bdSec[e+fx])

\/a+bSec[e+-Fx]

dx

13



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

3. J-(a+bSec[e+-Fx])m(c+dSec[e+-Fx])dlx whenbc-ad#0 Am>1

1: J(a+b$ec[e+fx])m(c+dSec[e+-Fx])d1x whenbc-ad#0 Am>1 A a2-b2==0

Derivation: Singly degenerate secant recurrence 1b withn - @, p > 0
Rule:if bc-ad+0© Am>1 A a%-b? == 9, then

j(a+bSec[e+fx])'" (c+dsec[e+fx])dx —

bdTan[e+fx] (a+bSec[e+fx])"*
fm

+EJ‘(a+bSec[e+-Fx])'"'1 (acm+ (bcm+ad (2m-1)) Sec[e+fx]) dx
m

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(c_+d_.xcsc[e_.+f_.»x_]),x_Symbol] :=

-bxd«Cot[e+Ffxx] x (a+bxCsc[e+fax]) " (m-1) /(Fsm) +

1/m+Int[ (a+bxCsc[e+fxx] )" (m-1) xSimp [axcxm+ (bxcxm+axdx (2xm-1)) xCsc [e+Fxx],x],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && GtQ[m,1] & EqQ[a"2-b"2,0] && IntegerQ[2sm]

14



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

2: J-(a+b5ec[e+fx])m(c+dSec[e+-Fx])d1x whenbc-ad#0 Am>1 A a2-b%2#0

Derivation: Cosecant recurrence 1b withc - ac, d-bc+ad, C-bd, m-0, n>n-1

Rule:lf bc-ad+0 Am>1 A a2-b?+0,then

J~(a+bSec[e+1‘:x])m (c+dsec[e+fx])dx —

dean[e+fx] (a+bSec[e+-Fx])""1
fm

+

EJ(a+bSec[e+-Fx])m'2 (a*>cm+ (b*>d (m-1) +2abcm+a’dm) Sec[e + f x] +b(bcm+ad(2m—1))Sec[e+-Fx]2) dx
m

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(c_+d_.xcsc[e_.+f_.»x_]),x_Symbol] :=
-bxd«Cot[e+Ffxx] » (a+bxCsc[e+fax]) " (m-1) / (Fsm) +
1/m*Int [ (a+bxCsc [e+-F*x] )~ (m-2)
Simp [a"z*c*m+ (bA2xd% (m-1) +2xaxbxcxm+a*2xdxm) xCsc [e+f*x] +bx (bxcxm+axdx (2xm-1) ) *Csc [e+f*x] "Z,x] ,x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && GtQ[m,1] & NeQ[a"2-b"2,0] && IntegerQ[2m]

2. j(a+b$ec[e+-Fx])m (c+dsec[e+fx])dx whenbc-ad#@ Am<@

N J-c+d5ec[e+fx]

a+bSec[e+-Fx]

dx whenbc-ad#+0

Derivation: Algebraic expansion

Basis: c+dz __ ¢ (bc-ad)z
‘a+bz a a (a+bz)

Rule:If bc - ad # 0, then



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

-J-c+dSec[e+fx] cx bc_adJ- Sec[e + f x|

dx — — -
a+bSec[e+-Fx] a a

dx
a+bSec[e+-Fx]

Program code:

Int[(c_+d_.xcsc[e_.+f_.»x_])/(a_+b_.xcsc[e_.+f_.#x_]),x_Symbol] :=
cxx/a - (bxc-axd) /axInt[Csc[e+fxx]/(a+bxCsc[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,@]

c+dSec[e+fx]
2. dx whenbc-ad#0

\/a+bSec[e+fx]

c+dSec[e+fx]
dx whenbc-ad#0 A a2-b%==0

\/a+bSec[e+fx]

Derivation: Algebraic expansion

Basis: c+dz __ cra+bz  (bc-ad)z

Jaibz a ava+bz
Rule:lf bc-ad +0 A a?-b? == 9, then

c+dSec[e+-Fx] bc-ad Sec[e+-Fx]

dx — SJ\\/a+b5ec[e+1°x] dx - dx
a a \/a+b5ec[e+fx]

\/a+bSec[e+fx]

Program code:

Int[(c_+d_.xcsc[e_.+f_.»x_])/sqrt[a_+b_.xcsc[e_.+f_.xx_]],x_Symbol] :=
c/axInt[Sqrt[a+bxCsc[e+fsx]],x] - (bxc-axd)/a*Int[Csc[e+fxx]/Sqrt[a+bsCsc[e+f+x]],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0]



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

c+dSec[e+fx]

dx whenbc-ad#0 A a>-b%#0

\/a+bSec[e+fx]

Derivation: Algebraic expansion

Rule:lf bc—ad +0 A a?-b? £ 0,then

c+dSec[e+fx] J 1
dx — ¢ dx +d
\/a+bSec[e+-Fx] \/a+bSec[e+-Fx]

Program code:

Int[(c_+d_.xcsc[e_.+f_.»x_])/Sqrt[a_+b_.xcsc[e_.+f_.xx_]],x_Symbol] :=
cxInt[1/Sqrt[a+bsCsc[e+fsx]],x] + dxInt[Csc[e+f+x]/Sqrt[a+bsCsc[e+fxx]],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0]

Sec[e + x|

\/a+bSec[e+-Fx]

dx

17



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

3. J.(a+bSec[e+-Fx])rn (c+dSec[e+-Fx])dlx whenbc-ad#0 A m< -1

1: J(a+b5ec[e+fx])m(c+dSec[e+-Fx])d1x whenbc-ad#0 Am<-1 A a2-b%2==0

Derivation: Singly degenerate secant recurrence 2b withn - @, p > 0
Rule:if bc-ad+0 Am< -1 A a%2-b? == 9, then

j(a+bSec[e+fx])'" (c+dsec[e+fx])dx —

(bc-ad) Tan[e+fx]| (a+bSec[e+fx])"
.

bf (2m+1)
1

a2 (2m+1)

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_]) m_x(c_+d_.xcsc[e_.+f_.»x_]),x_Symbol] :=

- (bxc-axd) xCot [e+'F*x] * (a+b*Csc [e+'F*x] ) "m/(b*f* (2+%m+1) ) +

1/ (a”2x (2xm+1) ) »Int[ (a+bxCsc[e+Ffxx] )~ (m+1) xSimp[axcx (2+m+1) - (bxc-axd) » (m+1) xCsc[e+fxx],x],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && LtQ[m,-1] & EqQ[a"2-b"2,0] & IntegerQ[2m]

2: j(a+b$ec[e+fx])"' (c+dSec[e+-Fx]) dx whenbc-ad#0 Am<-1 A a2-b%2#0

Derivation: Cosecant recurrence 2b withC - 9, m - 0

Rule:lf bc-ad+0 Am< -1 A a?-b? # 0,then

J(a+b5ec[e+fx])"' (c+dsec[e+fx])dx —

b (bc-ad) Tan[e + x| (a+bSec[e+-Fx])"'+1

+

af (m+1) (a%-b?)

f(a+b5ec[e+fx])"”1 (ac(2m+1) - (bc-ad) (m+1) Sec[e+fx]) dx

18



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

1

J(a+b5ec[e+1‘x])"1+1 (c(a®-b*) (m+1) -a(bc-ad) (m+1) Sec[e+fx]+b (bc-ad) (m+2) Sec[e+fx]2) dx
a(m+1) (a%-b?)

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_]) m_x(c_+d_.xcsc[e_.+f_.»x_]),x_Symbol] :=
bx (bxc-axd) xCot [e+'F*x] * (a+b*Csc [e+f*x] ) A (m+1)/(a*f* (m+1) x (a*2-b"2) ) +
1/ (ax (m+1) » (a*2-b"2) ) #Int [ (a+bxCsc[e+fxx] )" (m+1) *
Simp [cx (a"2-b"2) x (M+1) - (ax (bxc-a*d) # (M+1) ) xCsc[e+Fxx] +bx (bxc-axd) » (m+2) xCsc[e+fxx]~2,x],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && LtQ[m,-1] & NeQ[a"2-b"2,0] & IntegerQ[2m]

3: j(a+b$ec[e+fx])"' (c+dSec[e+fx]) dx whenbc-ad#0 A 2m¢z

Derivation: Algebraic expansion

Rule:lf bc-ad+#0 A 2m¢ Z,then

j(a+bSec[e+fx])'" (c+dsec[e+fx])dx — CJ-(a+bSec[e+-Fx])"'d1x+dj(a+bSec[e+-Fx])'"Sec[e+-Fx] dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_«(c_+d_.xcsc[e_.+f_.*x_]),x_Symbol] :=
cxInt[ (a+bxCsc[e+fxx]) m,x] + d+Int[(a+bxCsc[e+fxx]) msCsc[e+Ffsx],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[bxc-axd,0] && Not[IntegerQ[2xm]]

N J-(a+bSec[e+-Fx])"'

c+dSec[e+-Fx]

dx whenbc-ad#0

\/a+bSec[e+-Fx]

dx whenbc-ad#0
c+dSec[e+fx]
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Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

. \/a+b5ec[e+fx]

dx whenbc-ad#0 A (az-b2==av cz-d2==0)
c+dSec[e+fx]

Derivation: Algebraic expansion

jee 1 __ 1 _ dz
Basis: c+dz ¢ c (c+d z)

Rule:if bc -ad+#@ A (a®-b”>=0 Vv c?-d?=0),then

'\/a+b5ec[e+fx]

c+dSec[e+fx]

dx — lJ‘\/a+b5ec[e+1“x] dx -
c

d JSec[e+fX] \/a+bSec[e+fx]
- dx

c c+dSec[e+-Fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.xx_]]/(c_+d_.xcsc[e_.+f_.*x_]),x_Symbol] :=
1/c*Int[Sqrt[a+bxCsc[e+fxx]],x] - d/c*Int[Csc[e+-F*x]*Sqrt[a+b*Csc[e+-F*x]]/(c+d*Csc[e+f*x]),x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && (EqQ[a"2-b"2,0] || EqQ[c"2-d"2,0])
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Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

\/a+b5ec[e+fx]
2: dx whenbc-ad#0 A a2-b%2#0 A c2-d%>#0
c+dSec[e+-Fx]

Derivation: Algebraic expansion

Basis: Varbz a (bc-ad) z

c+dz "~ c+/a+bz i cva+bz (c+dz)
Rule:lf bc-ad+0 A a2-b2+0 A c?-d? +9,then

v["\/a+b5ec[e+-Fx] a

dx — —J ! dx + dx
c+dsec[e+fx] ¢ \/a+bSec[e+-Fx] ¢ \/a+bSec[e+-Fx] (c+dsec[e+fx])

bc-ad Sec[e+fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.xx_]]/(c_+d_.xcsc[e_.+f_.xx_]),x_Symbol] :=
a/c*Int[1/Sqr't[a+b*Csc[e+-F*x]],x] + (b*c—a*d)/c*Int[Csc[e+-F*x]/(Sqrt[a+b*Csc[e+-F*x]]*(c+d*Csc[e+-F*x])),x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] 8&& NeQ[c"2-d"2,0]

dx whenbc-ad#+0

) J-(a+bSec[e+1‘=x])3/2

c+dSec[e+-Fx]

dx whenbc-ad#0 A (az-b2==0v c2_d2==9)

. ‘J\(a+bSec[e+-Fx])3/2

c+dSec[e+fx]

Derivation: Algebraic expansion

Basis: (a+bz)3/2  aila+bz n (bc-ad) z~/a+bz

c+dz C c (¢c+d z)

Rule:iff bc-ad#@ A (a®2-b2=0 Vv c*-d?=0),then



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

(a+bSec[e+1=x])3/2
J

a
dx — —J\/a+b5ec[e+fx] dx +
c+dSec[e+fx] c

bc-ad JSec[e+fx] '\/a+bSec[e+-Fx]
d

c c+dSec[e+-Fx]

Program code:
Int[(a_+b_.xcsce_.+f_.xx_])"(3/2)/(c_+d_.+csc[e_.+f_.xx_]),x_Symbol] :=

a/cxInt[Sqrt[a+bsCsc[e+fxx]],x] + (bxc-axd)/cxInt[Csc[e+fxx]+Sqrt[a+bsCsc[e+fxx]]/(c+dxCsc[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && (EqQ[a"2-b"2,0] || EqQ[c"2-d"2,0])

dx whenbc-ad#0 A a2-b%>#0 A c2-d?#0

(a+bsec[e+fx])>?
x:J

c+dSec[e+fx]

Derivation: Algebraic expansion

Basis: (atbz)*? __ byaibz _ (bc-ad) Vaibz

c+dz d d (c+d z)

Note: This rule resultsin 3E11ipticPi terms.

Rule:if bc-ad+0 A a2-b%+0 A c?-d? +0,then

bs £x])32 - bs f
J«(a+ ec[e+ x]) dx EJ\/a+bSec[e+fx] dlx—bc ad '\/a+ ec[e+ x] ix
c+dSec[e+fx] d d c+dSec[e+-Fx]

Program code:

(» Int[(a_+b_.xcsc[e_.+f_.xx_])"(3/2)/(c_+d_.+csc[e_.+f_.xx_]),x_Symbol] :=
b/d+Int[Sqrt[a+bxCsc[e+fxx]],x] - (bxc-axd)/d+Int[Sqrt[a+bsCsc[e+fxx]]/(c+dxCsc[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] x)

X
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Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

dx whenbc-ad#0 A a2-b?#0 A c2-d?>#0

). J~(a+bSec[e+-Fx])3'/2
c+dSec[e+fx]
Derivation: Algebraic expansion

(atbz)3/2 (a+b z)? __ a’d+b’cz (bc-ad)?z

c+dz ~ asbz (c+d z) ~ cd+/a+bz cd+a+bz (c+dz)
Note: Thisruleresultsin2 E11ipticPitermsand 1 E11lipticF term.

Basis:

Rule:if bc-—ad+0 A a2-b%>+0 A c?-d? +0,then

Sec[e + f x|

J\(a+b5ec[e+1‘=x])3/2 1 a’d+b?cSec[e+fx] (bc-ad)?
dx — dx -

c+dSec|e+ fx] cd \/a+bSec[e+fX] cd

Program code:

Int[(a_+b_.xcsce_.+f_.xx_])"(3/2)/(c_+d_.+csc[e_.+Ff_.xx_]),x_Symbol] :=

1/ (cxd) #Int[ (a"2#d+b"2xcxCsc[e+fxx]) /Sqrt [a+bsCsc[e+fxx]],x] -

(bxc-axd) 72/ (cxd) xInt[Csc[e+fxx]/(Sqrt[a+bsCsc[e+fxx] ] (c+dxCsc[e+fxx])),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]

\/a+bSec[e+-Fx] (c+dsec[e+fx])

dx
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Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

1

3.J dx whenbc-ad#+0
'\/a+bSec[e+-Fx] (c+dSec[e+fx])

1

1:
J\/a+b5ec[e+fx] (c+dsec[e+fx])

dx whenbc-ad#@ A (a®-b?==0 Vv c®-d’==0)

Derivation: Algebraic expansion

i -ad- 2
Basis: 1 __ __bc-ad-bdz 2 z2+/a:bz

Ja+bz (c+dz) c (bc-ad) Va+bz T (bc-ad) (c+dz)
Rule:iff bc-ad#@ A (a®>-b2=0 Vv c*-d*=0),then

dZ

X —

1
d
J\\/a+b5ec[e+fx] (c+dSec[e+fx]) c(bc-ad \/a+bSec[e+fx]

1 bc—ad—deec[e+-Fx]
dx

Program code:

Int[1/(Sqrt[a_+b_.xcsc[e_.+f_.»x_]]*(c_+d_.xcsc[e_.+f_.+x_])),x_Symbol] :=

1/ (c* (bxc-axd) ) *Int [ (b*c—a*d—b*d*Csc [e+f*x] )/Sqrt [a+b*CSC [e+-F*x] ] ,x] +

d*2/ (cx (bxc-axd) ) »Int [Csc[e+fxx] +Sqrt[a+bsCsc[e+fxx]]/(c+dxCsc[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] & (EqQ[a"2-b"2,0] || EqQ[c"2-d"2,0])

1

2:
JVa+bSec[e+fx] (c+dsec[e+fx])

dx whenbc-ad#0 A a2-b%>#0 A c2-d2#0

Derivation: Algebraic expansion

oo 11 d
Basis: c+dSec[z] T c (d+cCos[z])

Rule:lf bc-—ad +0 A a?-b? £ 0,then

+

c(bc-ad)

J

Sec[e+-Fx] \/a+b5ec[e+fx]
d
c+dSec[e+fx]

X
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Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

1 1 d Sec|[e + f x|

dx — —J ! dx - —
\/a+bSec[e+-Fx] (c+dSec[e+-Fx]) ¢ \/a+bSec[e+fx] ¢ \/a+bSec[e+fx] (c+dSec[e+-Fx])

dx

Program code:

Int[1/(Sqrt[a_+b_.xcsc[e_.+f_.#x_]]*(c_+d_.xcsc[e_.+f_.xx_])),x_Symbol] :=
1/c+Int[1/Sqrt[a+bxCsc[e+fxx]],x] - d/cxInt[Csc[e+fxx]/(Sqrt[a+bxCsc[e+fsx]]x(c+dxCsc[e+fxx])),x] /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0]

1

S

4, j(a+b5ec[e+fx])m (c+dsec[e+fx])"dx whenbc-ad#@ A m*=n®=

1. J\/a+b5ec[e+fx] '\/c+d5ec[e+fx] dx whenbc-ad#0

1: J\/a+b$ec[e+fx] \/c+dSec[e+fx] dx whenbc-ad#0 A a2-b%==0 A c2-d*==0

Derivation: Piecewise constant extraction

Basis: If a2 - b2 == @ A c2 - d? == 9, then &, VatbSeclesfx] vcrdSeclerfx] __ g
Tan[e+f Xx]

Rule:lf bc-ad+0 A a2-b%2==0 A c?-d? = 0,then

\/a+bSec[e+-Fx] \/c+dSec[e+-Fx] J [ f]
Tan|e + f x| dx

\/a+bSec[e+-Fx] \/c+dSec[e+fx] dx —
Tan[e+-Fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.#x_]]*Sqrt[c_+d_.xcsc[e_.+f_.«x_]],x_Symbol] :=
Sqrt[a+bxCsc[e+fxx] ] +Sqrt[c+dsCsc[e+fxx]]/Cot[e+fsx]+Int[Cot [e+fsx],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && EqQ[c"2-d"2,0]
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Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

2: J\/a+b5ec[e+fx] \/c+d5ec[e+fx] dx whenbc-ad#0

Derivation: Algebraic expansion

Basis:\/c+dz = —¢— 4 —dz
A/ c+d z \c+d z

Rule:If bc - ad # 0, then

\/a+bSec[e+fx]
dx +

er/a+b5ec[e+fx] '\/c+dSec[e+-Fx] dx — c

\/c+dSec[e+fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.#x_]]*Sqrt[c_+d_.xcsc[e_.+f_.«x_]],x_Symbol] :=
cxInt[Sqrt[a+bxCsc[e+fxx]]/Sqrt[c+d+Csc[e+fsx]],x] +
d+Int[Csc[e+fxx]|*Sqrt[a+bsCsc[e+fsx]]/Sqrt[c+dxCsc[e+fxx]],x] /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0]

\/a+bSec[e+fx]
2. dx whenbc-ad#0

'\/c+dSec[e+-Fx]

\/a+bSec[e+-Fx]
dx whenbc-ad#0 A a2-b%==0

\/c+dSec[e+-Fx]

\/a+bSec[e+fx]
1: dx whenbc-ad#0 A a2-b%?==0 A c2-d*>==0

\/c+dSec[e+fx]

Derivation: Algebraic expansion

dl

Sec[e+-Fx] \/a+bSec[e+fx]
dx

\/c+d5ec[e+fx]
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Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

Basis: 1 __ Nexdz dz

Verdz c cVerdz
Rule:if bc-ad+0 A a2-b%+0 A c?-d? == 0,then

\/a+bSec[e+-Fx]

1
dx — —J\/a+b5ec[e+fx] \/c+dSec[e+fx] dx -
c
\/c+dSec[e+fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.xx_]]/Sart[c_+d_.xcsc[e_.+f_.*x_]],x_Symbol] :=
1/c*Int[Sqrt[a+bxCsc[e+fxx]]*Sqrt[c+dsCsc[e+Ffxx]],x] -
d/c+Int[Csc[e+fxx]xSqrt[a+bxCsc[e+fxx] ]/Sqrt [c+dxCsc[e+fxx]],x] /3

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && EqQ[c"2-d"2,0]

d

C

3|

Sec[e+fx] '\/a+bSec[e+-Fx]
dx

\/c+dSec[e+fx]
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Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

\/a+bSec[e+fx]
2: dx whenbc-ad#0 A a2-b%2=0 A c2-d?>+0
\/c+dSec[e+fx]

Derivation: Integration by substitution

Tan[e+f X] Tan[e+f x]

Basis: If a? - b? == @, then
1
d

Va+bSec[e+fx] __ 2a Subst{ 20 X,
\/c+d Sec[e+f x] f tracx

+

o
va+bSec[e+fx] ~/c+dSec[e+fx] } X Ja+bsec[e+fx] crdSec[e+fx]
Rule:if bc-ad+0 A a2-b?==0 A c?-d? +0,then

\/a+bSec[e+fx] 2a 1 Tan[e+-Fx]
dx — TSubst[J— dx, X,

\/c+dSec[e+fx] lracx® \/a+b5ec[e+fx] \/c+dSec[e+fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.xx_]]/Sart[c_+d_.xcsc[e_.+f_.*x_]],x_Symbol] :=
-2+a/fxSubst[Int[1/ (1+axc*x"2),X],X,Cot[e+fxx]/(Sqrt[a+bsCsc[e+f+x]]+Sqrt[c+dxCsc[e+fxx]])] /;
FreeQ[{a,b,c,d,e,f},x] & NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] & NeQ[c"2-d"2,0]
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Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

\/a+b5ec[e+fx]

dx whenbc-ad#0 A a2-b%#0

\/c+dSec[e+fx]

\/a+bSec[e+fx]
1: dx whenbc-ad#0 A a®2-b2#0 A c2-d?==0

\/c+dSec[e+-Fx]

Derivation: Algebraic expansion

Basis: \Va+bz _ avc+dz i (bc-ad) z
\Jc+d z cva+bz cva+bz /c+dz

Rule:if bc-ad+0 A a2-b?+0 A c?-d? = 0,then

Sec[e+-Fx]

J\\/a+b5ec[e+fx] aJ\\/c+dSec[e+fX] bc-ad
dx — -— dx +

\/c+dSec[e+fx] ¢ \/a+b5ec[e+fx] ¢

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.xx_]]/Sart[c_+d_.xcsc[e_.+f_.*x_]],x_Symbol] :=
a/cxInt[Sqrt[c+d+Csc[e+fxx]]/Sqrt[a+bsCsc[e+fxx]],x] +
(bxc-axd) /cxInt[Csc [e+-F*x]/(Sqr-t [a+bxCsc[e+fxx] ] *Sqrt[c+dxCsc[e+fxx]]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] 8&& EqQ[c"2-d"2,0]

\/a+b5ec[e+fx]
2: dx whenbc-ad#0 A a2-b?#0 A c2-d?>#0

\/c+dSec[e+fx]

Rule:if bc-ad+0 A a2-b%+0 A c?-d? +0,then

'\/a+b5ec[e+fx]
dx —

\/c+dSec[e+-Fx]

\/a+bSec[e+fx] \/c+dSec[e+fx]

dx
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Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

2 (a+bsec[e+fx]) \J (bc-ad) (1+Sec[e+fx])

(c-d) (a+bSec|e+fx
cf«,% Tan[e + f x| ( [ 1)

(a-b) (c+d)

bc-ad) (1-S f d b ds f
) (bc-ad) ( ec[e+fx]) EllipticPi[a (c+ ), Arcsin[ [ a+ \/c +dSec[e+ fx] ]
(c+d) (a+bsec[e+fx]) c (a+b) c+d

\/a+bSec[e+-Fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.xx_]]/Sart[c_+d_.xcsc[e_.+f_.*x_]],x_Symbol] :=
2% (a+b*Csc [e+f*x] )/(c*f*Rt[ (a+b) / (c+d) ,2] xCot [e+'F*x] ) *
Sqrt[ (bxc-axd) « (1+Csc[e+fxx]) /((c-d) » (a+bsCsc[e+Ffxx])) ] »
Sqrt[- (bxc-axd) x (1-Csc [e+fxx] )/( (c+d) » (a+bxCsc[e+fxx])) |

EllipticPi[ax (c+d)/(c*(a+b)),ArcSin[Rt[ (a+b)/(c+d),2]+Sqrt[c+dxCsc[e+fxx] ]/Sqrt [a+bxCsc[e+fxx]]], (a-b) * (c+d) / ((a+b) x (c-d)) ] /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,@0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]

> (a+b) (c-d)

]
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Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

1

3.J dx whenbc-ad#+0
'\/a+bSec[e+-Fx] \/c+dSec[e+fx]

dx whenbc-ad#0 A a2-b%>==0 A c2-d?==0

1:J !
\/a+bSec[e+fx] \/c+dSec[e+fx]

Derivation: Piecewise constant extraction

Basis: If a2 - b2 == @ A c? - d? == 9, then 6y Tanle+f x] --
v a+bSec[e+fx] +/c+dSec[e+fX]

Rule:lf bc-ad+0 A a2-b2 =0 A c?-d? = 0,then

dx

1 Tan[e+fx] J 1

X —
Tan[e+fx]

d
Jva+b5ec[e+fx] \/c+dSec[e+fx] \/a+bSec[e+fx] \/c+dSec[e+fx]

Program code:

Int[1/(Sqrt[a_+b_.xcsc[e_.+f_.xx_]]+Sqrt[c_+d_.xcsc[e_.+f_.+x_]]),x_Symbol] :=
Cot[e+fxx]/(Sqrt[a+bxCsc[e+fxx]]*Sqrt[c+d«Csc[e+fxx]])*Int[1/Cot [e+f+x],Xx] /;
FreeQ[{a,b,c,d,e,f},x] & NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] & EqQ[c"2-d"2,0]

dx whenbc-ad#0

Z:J !
\/a+b5ec[e+fx] '\/c+dSec[e+-Fx]

Derivation: Algebraic expansion

Basis: —~— - 1+/a+bz - —2Z _
\Ja+bz a ava+bz

Rule:lIf bc - ad # 9, then



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

1 \/a+b5ec[e+fx] b Sec[e+fx]
dx — - dx - —

1
J\/a+b5ec[e+fx] \/c+d5ec[e+fx] a \/c+dSec[e+fx] a \/a+bSec[e+fx] \/c+d5ec[e+fx]

dx

Program code:

Int[1/(Sqrt[a_+b_.xcsc[e_.+f_.xx_]]+Sqrt[c_+d_.xcsc[e_.+f_.+x_]]),x_Symbol] :=
1/axInt[Sqrt[a+bxCsc[e+fxx]]/Sqrt[c+d+Csc[e+fxx]],x] -
b/axInt[Csc[e+fxx]/(Sqrt[a+bxCsc[e+fxx]]*Sqrt[c+dxCsc[e+fxx]]),x] /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,@]

\/a+bSec[e+fx]
5: dx whenbc-ad#0 A c2-d?>#0
(c+dSec[e+-Fx])3/2

Derivation: Algebraic expansion

jge 1 __ 1 __ dz
Basis: c+dz ¢ c (c+d z)

Rule:lf bc—ad+0 A c?-d? #0,then

JVa+bSec[e+fX] 1J\\/a+b5ec[e+fx] dJSec[e+fx]\/a+bSec[e+fX]
dx — — dx - dx

(c+dSec[e+-Fx])3/2 C \/c+dSec[e+fx] c (c+dSec[e+-Fx])3/2

C

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.xx_]]/(c_+d_.xcsc[e_.+f_.xx_])"(3/2),x_Symbol] :=
1/cxInt[Sqrt[a+bxCsc[e+fxx]]/Sqrt[c+d+Csc[e+fxx]],x] -
d/cxInt[Csc[e+fxx]+Sqrt[a+bsCsc[e+fsx]]/(c+dxCsc[e+fxx])~(3/2),x] /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[c"2-d"2,0]



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

6: j(a+b5ec[e+fx])'"(c+dSec[e+-Fx])"d1x whenbc-ad#0 A a2-b%2==0 A cz—dz;ee/\m-%ez

Derivation: Piecewise constant extraction and integration by substitution

Basis: If a2 - b% == 0, then 6y Tan[e+f x] -9
~Ja+bSec[e+fx] ~/a-bSec[e+fXx]
. 2
Basis: If a2 - b% == @, then - a-fan (e x] Tan[e+f x] -

vJa+bSec[e+fx] /a-bSec[e+fx] +/a+bSec[e+fx] /a-bSec[e+fx]

Basis: Tan [e + f x] = > Subst |1, x, Sec[e+fx]| oxSec[e +fx]
Rule:lif bc-ad+0@ A a?2-b2==0 A c?2-d?>+0 /\m—%ez,then

J(a+b5ec[e+fx])"' (c+dsec[e+fx])"dx —

a’Tan[e + f x| J\Tan[ewa] (a+bSec[e+-Fx])m'; (c+dsec[e+fx])"
- dx
'\/a+bSec[e+-Fx] \/a-bSec[e+fx] \/a-bSec[e+fx]
2T f b m-3 dx)"
- a*Tan[e + £x] Subst[J‘(a+ X) ®(c+dX) dx, X, Sec[e+fx]]
-F\/a+b5ec[e+-Fx] '\/a—bSec[e+-Fx] xVa-bx

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_.(c_+d_.xcsc[e_.+f_.xx_])~n_.,x_Symbol] :=
a”2xCot [e+f*x]/(f*5qr't [a+b*Csc [e+'F*x] ] *Sqrt [a—b*Csc [e+'F*x] ] ) *
Subst[Int[ (a+bxx)"(m-1/2) (c+dxx)~n/ (x*Sqrt[a-b#x]),x],x,Csc[e+fxx]] /;
FreeQ[{a,b,c,d,e,f,m,n},x] && NeQ[bxc-a+d,0] && EqQ[a"2-b"2,0] & NeQ[c"2-d"2,0] & IntegerQ[m-1/2]

—
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Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n 34

7. j(a+b5ec[e+fx])'" (c+dSec[e+-Fx])"d1x whenbc-ad#@ Am+nez

1:J}a+b%ch+fx”m(c+d%ch+fx”"dxw%nbc—ad¢0AmezArmz

Derivation: Algebraic simplification

Basis:If m+nez A mez,then (a+bSec[z])™ (c+dSec[z])" == (b+aCos[é;;"[]z‘]dmtﬁcosm>"

Note: The restrictionm + n € {0, -1, -2} can be lifted if and when the cosine integration rules are extended to handle
integrands of the form cos[e+ £x]® (a+bcos[e+fx])" (c+dcos[e+ £x])" for arbitray p.

Rule:lf bc-ad+0@ AmeZ A neZ,then

j(a+bSec[e+fx])m (c+dsec[e+x])"dx — J-(b+aCos[e+fx])'" (d+ccCos[e+fx])" i

Cos [e +f x] men

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_]) m_x(c_+d_.xcsc[e_.+f_.»x_])~n_,x_Symbol] :=
Int[ (b+axSin[e+fxx]) m« (d+cxSin[e+fxx])n/Sin[e+fsx] " (m+n),x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & NeQ[bxc-ad,0] & IntegerQ[m] && IntegerQ[n] && LeQ[-2,m+n,0]



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n 35

2: J(a+bSec[e+fx])'"(c+dSec[e+fx])"d1x when bc—ad;te/\m+%ez A n+%ez

Derivation: Piecewise constant extraction

\/d+c Cos[e+fx] /a+bSecle+fx] __ )

Basis: 0
X b+aCos[e+fx] /crdSec[e+fX]

Note: The restrictionm + n € {@, -1, -2} can be lifted if and when the cosine integration rules are extended to handle
integrands of the form cos[e+ £x]® (a+bcos[e+fx])" (c+dcos[e+ £x])" for arbitray p.

Rule:lfbc—ad;t@Am+%eZ/\n+%eZ,then

'\/d+cCos[e+-Fx] \/a+bSec[e+fx] J«(b+aCos[e+-Fx])"' (d+cCos[e+-Fx])"
— dx

m+n

J(a+b$ec[e+fx])m (c+dsec[e+fx])"dx

\/b+aCos[e+-Fx] \/c+dSec[e+-Fx] Cos[e+ fx]

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"m_x(c_+d_.xcsc[e_.+f_.xx_])~n_,x_Symbol] :=
Sqrt[d+csSin[e+fxx]]*Sqrt[a+bsCsc[e+fxx]]/(Sqrt[b+axSin[e+fxx]]+Sqrt[c+dxCsc[e+fx]])*
Int[ (b+axSin[e+fxx])"mx (d+cxSin[e+fxx])~n/sin[e+fxx]" (m+n),x] /;
FreeQ[{a,b,c,d,e,f,m,n},x| & NeQ[bxc-axd,0] & IntegerQ[m+1/2] & IntegerQ[n+1/2] && LeQ[-2,m+n,0]

3: j(a+bSec[e+fx])'" (c+dSec[e+fx])"d1x whenbc-ad#@ Am+n=0 A 2m¢ZzZ

Derivation: Piecewise constant extraction

ic- A Cos[e+fx]™" (a+bSec[e+fx])" (c+dSec[e+fx])" __
Basis: Ox (b+a Cos [e+f x])" (d+c Cos[e+fx])" B

Rule:lf bc-ad+#@ Am+n=0 A 2m¢ Z,then



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

dx

m+n

J(a+b5ec[e+fx])'" (c+dsecle+ £x])"ax — Cos[e+fx]|™" (a+bSec[e+fx])" (c+dsec[e+fx])" J~(b+aCos[e+fX])'" (d+ccCos[e+fx])"

(b+acCos[e+fx])" (d+cCos[e+fx])" Cos[e + x|

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"m_x(c_+d_.*csc[e_.+f_.xx_])~n_,x_Symbol] :=
Sin[e+fxx] " (m+n) » (a+bxCsc[e+Ffxx]) "mx (c+d+Csc[e+fxx]) n/((b+axSin[e+Ffxx]) mx (d+cxSin[e+fxx])~n)«
Int [ (b+axSin[e+fxx]) mx (d+cxSin[e+fxx]) ~n/Sin [e+fxx]~Simplify [m+n],x] /;
FreeQ[{a,b,c,d,e,f,m,n},x]| & NeQ[bxc-axd,0] & EqQ[m+n,0] & Not[IntegerQ[2xm]]

8: J‘(a+b5ec[e+1°x])m (c+dSec[e+fx])"dlx when n e z*

Derivation: Algebraic expansion

Rule: If n € Zz*, then

J(a+b$ec[e+fx])"' (c+dsec[e+fx])"dx — J(a+bSec[e+fx])"'ExpandTrig[(c+dSec[e+fx])", x] dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(c_+d_.xcsc[e_.+f_.*x_])"n_,x_Symbol] :=
Int[ExpandTrig[ (a+bxcsc[e+fxx])~m, (c+dxcsc[e+fxx]) n,x],x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & IGtQ[n,O]
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Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

X: J(a+b5ec[e+fx])"' (c+dsecfe+fx])"dx

Rule:

j(a+bSec[e+fx])'" (c+dsec[e+fx])"dx — J.(a+bSec[e+fx])'" (c+dsec[e+fx])"dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_.#(c_+d_.xcsc[e_.+f_.*x_])"n_.,x_Symbol] :=
Unintegrable[ (a+bxCsc[e+fxx])~mx (c+dxCsc[e+f+x])~n,x] /;
FreeQ[{a,b,c,d,e,f,m,n},x]
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Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

Rules for integrands of the form (a + bSec[e + fx])" (c (dSec[e + fx])P)"

1: -J-(a+bSec[e+-Fx])"' (dCos[e+fx])"dx whenn¢z A mez

Derivation: Algebraic simplification

. m __ d" (b+raCos[z])"
Basis: If m e Z,then (a+bSec[z])" == (dCos[z])"

Rule:lf n¢ Z A me Z,then

J(a+b5ec[e+fx])'" (dcCos[e+fx])"dx — d'“J(b+aCos[e+-Fx])"' (dcCos[e+fx])"™dx

Program code:

Int[(a_.+b_.#sec[e_.+Ff_.xx_]) m_.x(d_./sec[e_.+f_.+x_])"n_,x_Symbol] :
d*mxInt[ (b+axCos[e+fxx]) mx (d«Cos[e+fxx])~(n-m),x] /;
FreeQ[{a,b,d,e,f,n},x] && Not[IntegerQ[n]] & IntegerQ[m]

Int[(a_.+b_.xcsc[e_.+f_.xx_]) m_.x(d_./csc[e_.+f_.+x_])"n_,x_Symbol] :
dm«Int[ (b+axSin[e+fxx]) m« (d«Sin[e+fxx])~(n-m),x] /;
FreeQ[{a,b,d,e,f,n},x] && Not[IntegerQ[n]] && IntegerQ[m]

2: j(a+b5ec[e+fx])m (c (dsec[e+fx])")"dx whenn¢z

Derivation: Piecewise constant extraction

‘e (c (dSec[e+fx])P)" __
Basis: Ox (dSec[e+fx])"P 0

Rule: If n ¢ Z, then



Rules for integrands of the form (a+b sec(e+f x))~m (c+d sec(e+f x))"n

cintpartinl (¢ (dsec[e + £x])P) FracPart(n]

J\(a+b5ec[e+fx])"‘ (c (dsec[e+fx])P)"ax —

(d Sec[e+_Fx])pFracPart[n]

Program code:

Int[(a_.+b_.#sec[e_.+f_.#x_] ) m_.x(c_.»(d_.»sec[e_.+f_.»x_])"p_)~n_,x_Symbol] :=
crIntPart[n] « (cx (d«Sec[e + f*x])"p)"Fr‘acPar‘t[n]/(d*Sec[e + fxx] )~ (p+FracPart[n]) =
Int[ (a+bxSec[e+Ffxx]) mx (dxSec[e+Ffxx])~ (n«p),x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x| & Not[IntegerQ[n]]

Int[(a_.+b_.xcsce_.+Ff_.#x_])™m_.(c_.»(d_.xcsc[e_.+f_.»x_])"p_)~n_,x_Symbol] :=
crIntPart[n]+ (cx (dxCsc[e + fxx])~p)~FracPart[n]/(d«Csc[e + fxx])~(p*FracPart[n])
Int [ (a+bxCos[e+fxx] ) mx (dxCos [e+fxx])~ (n*p),x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]| && Not[IntegerQ[n]]

J(a+b5ec[e+fx])m (dsec[e+fx])"" ax
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